The precessing magnetization of a magnetic islands coupled to a quantum spin Hall edge pumps charge along the edge. Conversely, a bias voltage applied to the edge makes the magnetization precess. We point out that this device realizes an adiabatic quantum motor and discuss the efficiency of its operation based on a scattering matrix approach akin to Landauer-Büttiker theory. Scattering theory provides a microscopic derivation of the Landau-Lifshitz-Gilbert equation for the magnetization dynamics of the device, including spin-transfer torque, Gilbert damping, and Langevin torque. We find that the device can be viewed as a Thouless motor, attaining unit efficiency when the chemical potential of the edge states falls into the magnetization-induced gap. For more general parameters, we characterize the device by means of a figure of merit analogous to the ZT value in thermoelectrics.
Introduction
Following Ref. [1] , Meng et al. [2] recently showed that a transport current flowing along a quantum spin Hall edge causes a precession of the magnetization of a magnetic island which locally gaps out the edge modes (see Fig. 1 for a sketch of the device). The magnetization dynamics is driven by the spin transfer torque exerted on the magnetic island by electrons backscattering from the gapped region. Indeed, the helical nature of the edge state implies that the backscattering electrons reverse their spin polarization, with the change in angular momentum transfered to the magnetic island. This effect is not only interesting in its own right, but may also have applications in spintronics.
Current-driven directed motion at the nanoscale has also been studied for mechanical degrees of freedom, as motivated by progress on nanoelectromechanical systems. Qi and Zhang [3] proposed that a conducting helical molecule placed in a homogeneous electrical field could be made to rotate around its axis by a transport current and pointed out the intimate relations with the concept of a Thouless pump [4] . Bustos-Marun et al. [5] developed a general theory of such adiabatic quantum motors, used it to discuss their efficiency, and emphasized that the Thouless motor discussed by Qi and Zhang is optimally efficient.
It is the purpose of the present paper to emphasize that the current-driven magnetization dynamics is another -perhaps more experimentally feasible -variant of a Thouless motor and that the theory previously developed for adiabatic quantum motors [5] is readily extended to this device. This theory not only provides a microscopic derivation of the Landau-Lifshitz-Gilbert equation for the current-driven magnetization dynamics, but also allows one to discuss the efficiency of the device and to make the relation with the magnetization-driven quantum pumping of charge more explicit.
Specifically, we will employ an extension of the Landauer-Büttiker theory of quantum transport which includes the forces exerted by the electrons on a slow classical degree of freedom [6, 7, 8, 9] . Markus Büttiker developed Landauer's vision of quantum coherent transport as a scattering problem into a theoretical framework [10, 11] and applied this scattering theory of quantum transport to an impressive variety of phenomena. These applications include Aharonov-Bohm oscillations [12] , shot noise and current correlations [11, 13, 14] , as well as edge-state transport in the integer Hall effect [15] and topological insulators [16] . Frequently, Büttiker's predictions based on scattering theory provided reference points with which other theories -such as the Keldysh Green-function formalism [17, 18, 19, 20] or master equations [21] -sought to make contact.
In the present context, it is essential that scattering theory also provides a natural framework to study quantum coherent transport in systems under time-dependent driving. For adiabatic driving, Büttiker's work with Thomas and Prêtre [22] was instrumental in developing a description of adiabatic quantum pumping [4] in terms of scattering theory [23, 24, 25, 26] which provided a useful backdrop for later experiments [27, 28, 29, 30, 31] . Beyond the adiabatic regime, Moskalets and Büttiker combined the scattering approach with Floquet theory to account for periodic driving [32] . These works describe adiabatic quantum transport as a limit of the more general problem of periodic driving and ultimately triggered numerous studies on single-particle emitters and quantum capacitors (as reviewed by Moskalets and Haack in this volume [33] ).
The basic idea of the adiabatic quantum motor [5] is easily introduced by analogy with the Archimedes screw, a device consisting of a screw inside a pipe. By turning the screw, water can be pumped against gravity. This is a classical analog of a quantum pump in which electrons are pumped between reservoirs by applying periodic potentials to a central scattering region. Just as the Archimedes pump can pump water against gravity, charge can be quantum pumped against a voltage. In addition, the Archimedes screw has an inverse mode of operation as a motor: Water pushed through the device will cause the screw to rotate. The adiabatic quantum motor is a quantum analog of this mode of operation in which a transport current pushed through a quantum coherent conductor induces unidirectional motion of a classical degree of freedom such as the rotations of a helical molecule.
The theory of adiabatic quantum motors [5, 34] exploits the assumption that the motor degrees of freedom -be they mechanical or magnetic -are slow compared to the electronic degrees of freedom. In this adiabatic regime, the typical time scale of the mechanical dynamics is large compared to the dwell time of the electrons in the interaction region between motor and electrical degrees of freedom. In this limit, the dynamics of the two degrees of freedom can be discussed in a mixed quantum-classical description. The motor dynamics is described in terms of a classical equation of motion, while a fully quantum-coherent description is required for the fast electronic degrees of freedom.
From the point of view of the electrons, the motor degrees of freedom act as ac potentials which pump charge through the conductor. Conversely, the backaction of the electronic degrees of freedom enters through adiabatic reaction forces on the motor degrees of freedom [6, 7, 8, 9] . When there is just a single (Cartesian) classical degree of freedom, these reaction forces are necessarily conservative, akin to the Born-Oppenheimer force in molecular physics [35] . Motor action driven by transport currents can occur when there is more than one motor degree of freedom (or a single angle degree of freedom). In this case, the adiabatic reaction force need no longer be conservative when the electronic conductor is subject to a bias voltage [6, 7, 8, 9] .
In next order in the adiabatic approximation, the electronic system also induces frictional and Lorentz-like forces, both of which are linear in the slow velocity of the motor degree of freedom. In-cluding the fluctuating Langevin force which accompanies friction yields a classical Langevin equation for the motor degree of freedom. This equation can be derived systematically within the Keldysh formalism [35] and the adiabatic reaction forces expressed through the scattering matrix of the coherent conductor [6, 7, 8] .
While these developments focused on mechanical degrees of freedom, it was also pointed out that the scattering theory of adiabatic reaction forces extends to magnetic degrees of freedom [9] . In this case, adiabaticity requires that the precessional time scale of the magnetic moment is larger than the electronic dwell time. The effective classical description for the magnetic moment takes the form of a Landau-Lifshitz-Gilbert (LLG) equation. Similar to nanoelectromechanical systems, the LLG equation can be derived systematically in the adiabatic limit for a given microscopic model and the coefficients entering the LLG equation can be expressed alternatively in terms of electronic Green functions or scattering matrices [36, 37, 38, 39, 9] . In the following, we will apply this general theory to a magnetic island coupled to a Kramers pair of helical edge states.
This work is organized as follows. Section 2 reviews the scattering-matrix expressions for the torques entering the LLG equation. Section 3 applies this theory to helical edge states coupled to a magnetic island and makes the relation to adiabatic quantum motors explicit. Section 4 defines and discusses the efficiency of this device and derives a direct relation between charge pumping and spin transfer torque. Section 5 is devoted to conclusions.
S-matrix theory of spin transfer torques
and Gilbert damping
Landau-Lifshitz-Gilbert equation
Consider a coherent (Landauer-Büttiker) conductor coupled to a magnetic moment. The latter is assumed to be sufficiently large to justify a classical description of its dynamics but sufficiently small so that we can treat it as a single macrospin. Then, its dynamics is ruled by a Landau-Lifshitz-Gilbert equatioṅ
(
Note that we use units in which M is an angular momentum and for simplicity of notation, B el as well as δB differ from a conventional magnetic field by a factor of g d , the gyromagnetic ratio of the macrospin. The first term on the right-hand side describes the dynamics of the macrospin in the absence of coupling to the electrons. It is derived from the quantum Hamiltonian
where M = M is the uncoupled macrospin, B the magnetic field, and D > 0 the easy-plane anisotropy of the macrospin. The coupling to the electrons leads to the additional effective magnetic field B el . This term can be derived microscopically from the Heisenberg equation of motion of the macrospin by evaluating the commutator ofM with the interaction Hamiltonian between macrospin and electrons in the adiabatic approximation (see, e.g., Ref. [9] ). Keeping terms up to linear order in the small magnetization "velocity"Ṁ, we can write
Here, the first contribution B 0 can be viewed as the spin-transfer torque. The second term is a contribution to Gilbert damping arising from the coupling between macrospin and electrons. In general, γ so derived is a tensor with symmetric and antisymmetric components. However, it can be seen that only the symmetric part plays a relevant role [9] . Finally, by fluctuation-dissipation arguments, the Gilbert damping term is accompanied by a Langevin torque δB with correlator
Its correlations are local in time as a consequence of the assumption of adiabaticity. As a result, we find the LLG equatioṅ
for the macrospin M.
The spin-transfer torque, the Gilbert damping, and the correlator D can be expressed in terms of the scattering matrix of the coherent conductor, both in and out of equilibrium [36, 37, 38, 39, 9] . Before presenting the S-matrix expressions, a few comments are in order. First, the expression for the Gilbert damping only contains the intrinsic damping originating from the coupling to the electronic degrees of freedom. Coupling to other degrees of freedom might give further contributions to Gilbert damping which could be included phenomenologically. Second, in the study of the nanomagnet coupled to the helical modes we will consider the expressions to lowest order in the adiabatic approximation presented in Sec. 2.2. The theory can actually be extended to include higher order corrections [9] . In Sec. 2.3 section, we briefly summarize the main steps of the general procedure for completeness.
Coefficients of the LLG equation in the lowest
order adiabatic approximation This section summarizes the expressions for the coefficients of the LLG equation that we will use to study the problem of the nanomagnet coupled to the helical edge states. These correspond to the lowest order in the adiabatic approximation, in which we retain only terms linear inṀ and eV .
To this order, we can write the coefficients of the LLG equation in terms of the electronic S-matrix for a static macrospin M. The coupling between macrospin and electronic degrees of freedom enters through the dependence of the electronic S-matrix S 0 = S 0 (M) on the (fixed) macrospin. At this order, the spin-transfer torque and the Gilbert damping can be expressed as [36, 37, 38, 39, 9] 
and
respectively. Finally, the fluctuation correlator D is expressed as [9] 
In these expressions, α = L, R denotes the reservoirs with electron distribution function f α , Π α is a projector onto the channels of lead α, and Tr traces over the lead channels.
Corrections to the adiabatic approximation of
the S-matrix In order to go beyond linear response in eV anḋ M, we must consider the electronic S-matrix in the presence of the time-dependent magnetization M(t) and expand it to linear order in the magnetization "velocity"Ṁ(t). This can be done, e.g., by starting from the full Floquet scattering matrix S F α,β (ε n , ε) for a periodic driving with period ω [32] . The indices α and β label the scattering channels of the coherent conductor and the arguments denote the energies ε of the incoming electron in channel α and ε n = ε + n ω of the outgoing electron in channel β. For small driving frequency ω, the Floquet scattering matrix can be expanded in powers of ω,
HereŜ 0 n (ε) is the Fourier transform of the frozen scattering matrix S 0 (M(t)) introduced above,
The matrixÂ n (ε), first introduced by Moskalets and Büttiker, is the first adiabatic correction to the adiabatic S-matrix and can be transformed in a similar way tô
The matrixÂ n (ε) can be straightforwardly calculated from the retarded Green function of the device (see Refs. [20, 9] ). We are now in a position to give expressions for the Gilbert damping to next order in the adiabatic approximation. (The spin-transfer torque and the fluctuation correlator remain unchanged.) To do so, we split the Gilbert matrix γ into its symmetric and antisymmetric parts,
Strictly speaking, it is only the symmetric part which corresponds to Gilbert damping. The antisymmetric part simply renormalizes the precession frequency. One finds [9] 
for the symmetric contribution. It can be seen, the second line is a pure nonequilibrium contribution (∝ eV ω). Similarly, the antisymmetric part of the Gilbert damping can be written as [9] 
which is really a renormalization of the precession frequency as mentioned above.
S-matrix theory of a nanomagnet coupled to a quantum spin Hall edge
We now apply the above theory to a magnetic island coupled to a quantum spin Hall edge as sketched in Fig. 1 . The quantum spin Hall edge supports a Kramers doublet of edge states. The magnetization M = M ⊥ cos θe x + M ⊥ sin θe y + M z e z of the magnetic island induces a Zeeman field JM acting on the electrons along the section of length L of the edge state which is covered by the magnet. This Zeeman field causes backscattering between the edge modes and induces a gap ∆ = JM ⊥ /2 [1] . Linearizing the dispersion of the edge modes, the electronic Hamiltonian takes the form [2] H = (vp−JM z )σ z +∆(x) (cos θσ x + sin θσ y ) . (15) Here, the σ j denote Pauli matrices in spin space and ∆(x) is nonzero only over the region of length L covered by the magnetic island. We have assumed for simplicity that the spin Hall edge conserves σ z . Then, a static island magnetization induces a gap whenever it has a component perpendicular to the z-direction. Indeed,Ĥ is easily diagonalized for a spatially uniform coupling between edge modes and magnet, and the spectrum
has a gap ∆. In the following, we assume that the easy-plane anisotropy D > 0 is sufficiently large so that the magnetization entering the electronic Hamiltonian can be taken in the xy-plane, i.e., M z 0. (However, we will have to keep M z in the LLG equation when it is multiplied by the large anisotropy D.)
The electronic Hamiltonian (15) is equivalent to the electronic Hamiltonian of the Thouless motor considered in Ref. [5] . Following this reference, we can readily derive the frozen scattering matrix analytically [5] ,
where we have defined the shorthands
Note that these expressions are exact for any L and valid for energies ε both inside and outside the gap.
We can now use this scattering matrix to evaluate the various coefficients in the LLG equation, employing the expressions given in Sec. 2.2. Assuming zero temperature, we find
for the spin transfer torque at arbitrary chemical potential µ. Here, we have defined the function
with φ L = φ L (µ) (see Fig. 2 ). Below, we will identify ξ with the charge pumped between the reservoirs during one precessional period of the magnetization M. The vector B 0 points in the azimuthal direction in the magnetization plane and indeed corresponds to a spin-transfer torque. Similarly, we can substitute Eq. (17) into Eq. (13) for the Gilbert damping and find that the only nonzero component of the tensor γ is
Similarly,
is the only nonzero component of the fluctuation correlator. It is interesting to note that this yields an effective fluctuation-dissipation relation D θθ = 2T eff γ θθ with effective temperature T eff = eV .
With these results, we can now write the LLG equation for the nanomagnet coupled to the helical edge state,
where ξ = ξ(µ), we have expressedṀ Mθe θ , and assumed zero external magnetic field B. This completes our scattering-theory derivation of the LLG equation and generalizes the result obtained in Ref.
[2] on phenomenological grounds in several respects. Equation (24) applies also for finite-length magnets and chemical potentials both inside and outside the magnetization-induced gap of the edge-state spectrum. Moreover, the identification of theθ-term as a damping term necessitates the inclusion of the Langevin torque δB. Indeed, Ref. [2] refers to the entire term involving eV − θ as the spin-transfer torque. In contrast, our derivation produces the term involving eV already in zeroth order in magnetization "velocity"Ṁ, while theθ term appears only to linear order. Thus, the latter term is really a conrtribution to damping and related to the energy dissipated in the electron system due to the time dependence of the magnetization.
Efficiency of the nanomagnet as a motor
While the electronic Hamiltonian for the edge modes is equivalent to that of the Thouless motor discussed in Ref. [5] , the LLG equation for the macrospin differ from the equation of motion of the mechanical degrees of freedom discussed in Ref. [5] . In this section, we discuss the energetics and the efficiency of the magnetic Thouless motor against the backdrop of its mechanical cousin.
The dynamics of the macrospin is easily obtained from the LLG equation (24) [2] . For a large anisotropy and thus small M z , we need to retain the z-component of M only in combination with the large anisotropy D. Then, the steady-state value of M z is fixed by the θ-component of the LLG equation,
The precessional motion of M about the z-axis is governed by the z-component of the LLG equation, which yieldṡ
and hence M z = −eV /( D). It is interesting to note that the angular frequencyθ of the precession is just given by the applied bias voltage, independent of the damping strength. This should be contrasted with the mechanical Thouless motor. Here, the motor degree of freedom satisfies a Newton equation of motion which is second order in time. Thus, the frequency of revolution is inversely proportional to the damping coefficient. In steady state, the magnetic Thouless motor balances the energy provided by the voltage source through the spin-transfer torque B 0 against the dissipation through Gilbert damping due to the intrinsic coupling between magnetic moment and electronic degrees of freedom. It is instructive to look at these contributions independently. The work performed by the spin-transfer torque per precessional period is given by
Writing this as an integral over a closed loop of the magnetization M and inserting the S-matrix expression (6), we find
Without applied bias, the integrand is just the gradient of a scalar function and the integral vanishes. Thus, we expand to linear order in the applied bias and obtain
Comparing Eq. (29) with the familiar S-matrix expression for the pumped charge [23] , the right-hand side can now be identified as the bias voltage multiplied by the charge pumped between the reservoirs during one revolution of the magnetization,
With every revolution of the magnetization, a charge Q p is pumped between the reservoirs. The corresponding gain Q p V in electrical energy is driving the magnetic Thouless motor. This result can also be written aṡ
for the power provided per unit time by the voltage source.
The relation between spin-transfer torque and pumped charge also allows us to identify the function ξ(µ) appearing in the LLG equation as the charge in units of e pumped between the reservoirs during one precessional period of the macrospin,
This can be obtained either by deriving the pumped charge explicitly from the S-matrix expression or by evaluating Eq. (27) using the explicit expression Eq. (20) . The electrical energy gain is compensated by the energy dissipated through Gilbert damping. The dissipated energy per period is given by
Using Eq. (22), this yields the dissipated energy
per precessional period oṙ
per unit time. These expressions have a simple interpretation. Due to the finite frequency of the magnetization precession, each pumped charge absorbs on average an energy θ which is then dissipated in the reservoirs. Armed with these results, we can finally discuss the efficiency of a magnetic Thouless motor and follow the framework introduced in Ref. [40] to define an appropriate figure of merit (analogous to the ZT value of thermoelectrics). Imagine the same setup as in Fig. 1 , but with an additional load coupled to the magnetization. We can now define the efficiency of the magnetic Thouless motor as the ratio of the power delivered to the load and the electrical power IV provided by the voltage source. In steady state, the power delivered to the load has to balance against the power provided by the electrons, i.e., B el ·Ṁ. Thus, we can write the efficiency as whereẆ
The total charge current flowing along the topological insulator edge averaged over the cycle is the sum of the dc current GV driven by the voltage, where G is the dc conductance of the device, and the pumping current Q pθ /(2π),
We can now optimize the efficiency of the motor at a given bias V as function of the frequencyθ of the motor revolution. Note that due to the load, the latter is no longer tied to the bias voltage eV . This problem is analogous to the problem of the optimal efficiency of a thermoelectric device which leads to the definition of the important ZT value. This analogy was discussed explicitly in Ref. [40] . Applying the results of this paper to the present device yields the maximal efficiency
with a figure of merit ζ analogous to the ZT value defined by
where ξ(µ) is defined in Eq. (21) and the conductance reads
as obtained from the Landauer-Büttiker equation. As in thermoelectrics, the maximum efficiency is realized for ζ → ∞ which requires a finite pumped charge at zero conductance. Unlike thermoelectrics, the motor efficiency is bounded by η = 1 instead of the Carnot efficiency. This reflects the fact that electrical energy can be fully converted into magnetic energy. Specifically, unit efficiency is reached in the limit of a true Thouless motor with zero transmission when the Fermi energy falls into the gap and nonzero and quantized pumped charge per period. This can be realized to a good approximation for a sufficiently long magnet, as seen from the lower panel in Fig. 2 . For chemical potentials outside the gap, the conductance and the pumped charge exhibit Fabry-Perot resonances. This yields a distinct sequence of maxima and minima in the efficiency. For shorter magnets, the conductance remains nonzero within the gap, leading to lower efficiencies. This is shown in the upper panel of Fig. 2 . Moreover, the Fabry-Perot resonances are washed out, so that there is only a feature at the gap edge where the conductance vanishes while ξ → 1/2 for arbitrary L.
Conclusions
Implementing directional motion of a mechanical or magnetic degree of freedom is a fundamental problem of nanoscale systems. An attractive general mechanism relies on running quantum pumps in reverse. This is the underlying principle of adiabatic quantum motors which drive periodic motion of a classical motor degree of freedom by applying a transport current. In this paper, we emphasize that a magnetic island coupled to a quantum spin Hall edge, recently discussed by Meng et al. [2] , is just such an adiabatic quantum motor. We derive the Landau-Lifshitz-Gilbert equation for the magnetization dynamics from a general scattering-theory approach to adiabatic quantum motors, providing a microscopic derivation of spin-transfer torque, Gilbert damping, and Langevin torque. This approach does not only provide a detailed microscopic understanding of the operation of the device but also allows one to discuss its efficiency. We find that the device naturally approaches optimal efficiency when the chemical potential falls into the magnetization-induced gap and the conductance is exponentially suppressed. This makes this system a Thouless motor and possibly its most experimentally feasible variant to date.
Several issues are left for future work. While we derived microscopic expressions for the Langevin torque, we have not explored its consequences for the motor dynamics. It should also be interesting to consider thermal analogs driven by a temperature gradient instead of a bias voltage. Inducing the magnetization precession by a temperature gradient would realize a quantum heat engine. Conversely, forcing a magnetic precession can be used to pump heat against a temperature gradient. Setups with several magnetic islands could be engineered to effect exchange of charge and energy without employing a dc battery. These devices have been explored in the literature on quantum pumps [41, 42, 43] and their efficiencies could be analyzed in the thermoelectric framework of Ref. [40] .
